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SI 1. Detailed Derivation of Equation (9)
The integration I(b,q,t;) in equation (8) is expressed by

1(b,q,t,)= E{S(—%bz,q,ujc(—%bz,q,tlj

2
1 1 _
—¢| —=b%,q,u |s| —=b?,q, "y
( 50 M 2 q“ﬂ

The Mathieu cosine and sine functions are related with the Floquet solution of Mathieu equation,

F(a,q,t) as

(S1)

F(a,q,t)+F(aq,-t)

9= e (.0 (S2a)
_F(a,qt)-F(a,q,t)
s(a,q,t)— 2F'(a,q,0) (s2b)

Hereafter, for brevity a = —b? / 4 unless specified otherwise. Since the Floquet solution of Mathieu

equation, F (a, q,t) , has the form of
F(a,q,t)=exp(iut)P(a,q.t) (S3)

where p is Mathieu exponent (complex number) and P (a, q,t) is the complex valued function which
is periodic with period . From equations (S1) and (S2), C (a, q,t) and S (a, q, t) can be expressed as:
_exp(iut)P(a,q,t)+exp(—iut)P(a,q,~t)

c(a,qt)= 2F (a,9,0) | (S4a)
)PP (Y oo )Py
(aa.t) 2F'(a,q,0) (S4b)

By inserting equations (S3) into equation (S1), then we obtain
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(4[F(a’q’0)F’(a.q,0)}2)|(a,q,tl):
[ exp[(b+i2u)(u-1)][P(a,0,u)P(a.0,-t)] du
~2f exp[b(u-t)][P(a.0.u)P(a.,-u)P(aqt)P(aq+)]du
+ [T exp[(b-i2u)(u-t)][P(a.0,~u)P(aa.t)] du
=i (a,q.t)-20,(aqt)+i;(aqt) -

Rewriting t;=nm+t (0<t<m, n is non-zero integer) and using the division property of integration,

3 P T (n-1)7 nz N+
ﬂ -1, +Ij +"'+I<n—zl>n +I<n—1)fr . , (S6)

and the T periodicity of (a g, t) , ie.

P(a,q,t)= P(a,q,n;r+t) (a g, t1) (a q, t1) (a g, t1) in equation (B4) can be computed
as

I (a,qt)

_ Z”: alb+iza)z(1-Y) J‘O” eI p(a,q,u)P(a,q,~7) ] du
=

+ Iore(b”z”)(“”) [P(a,q.u)P(aaq, —r)]z du

1_ e—(b+i2,u)n7r - . - )
:[<—>_1JJ eI I[P (a,q,u)P(a,q,—7)] du

e
+ J-OT e(b+i2ﬂ)(U*T) I:P (a’ q’ u) P (a’ q, —T):IZ du (S7a)

,(a,q.t,)
_ gebﬁ(unjo”eb(un“) [P(a,q,u)P(a,q,-u)P(a,q,z)P(a,q,~7) Jdu
+[ e [P(aq,u)P(aq-u)P(aqr)P(aq-r)]du

:(l-e"b”j [[e*“[P(a,q.u)P(a,q,-u)P(a,q,7)P(a,q,~7)]du

|

+[7e“ I[P (a,q.u)P(a,g,-u)P(aq,)P(ag7)]dv . (S7h)
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|~3(a,q’t1)
_ N glb-iza)a(i-D) [ 7 glb-iza)u-nro) [ a,q,u)P(aq, du
; J-O [ (a,q,u)P(a,q,- ]
+J‘Ore(b,i2ﬂ)(u—r)[P(a’q,u) a q,— :I du
1— e—(b*izﬂ)”” 7 (b=i2u)(u-r
[ e praguplan o

N IOT b-i2u)(v=r) [p (a1 q, V) a q,— :I dv (570

Thereby, | (a, q,tl) can be written as:

I(aqt)= Il(a,q,r)+%[lga(a,q,r)—2|2”b(a,q,r)+ I;‘C(a,q,r)], (S8a)

,(aq,7)=] [s(agu)c(aar)-c(a q,u)s(a,q,7)] € du

, (S8b)
) 1—g” (b+i2)n ) (a q’ ) 2
|2a(a,q,2') ( (b+i2u)r JJ. |: :|du
00)F(@a0) | (g
|znb(b,q7f)=(1(;,,e__r]?jf:eb(uT) F(a,q,u)F(a,q,—u)F’(a,q,r)lj(a,q,—r) iU
[F(a.9.0)F"(a.q,0)] . (S8d)
' 1-e 2 F(a,q,—U)F(a,q,f)T
17 (b,q,7)=| ——— |[ " d
(ia7) (e‘b"z”)”—lﬁ’e {F(ayq,O)F’(a,q,O) u (S8e)

The equations (S8b-e¢) present the integrations Il(b,q,r) R (b,q,r) , oy (b,q,r) , and
5 (b, g, z') in equation (9).
In order to achieve the stable long-time behavior of | (a,q,tl), all the expressions of equations

2007 should vanish for n—co. The

necessary condition for this is 3 <b/2 where [ is the imaginary part of Mathieu exponent, p=a+ip.

(S8¢)-(S8e) need to converge and the exponential term e

It is same as the condition that the mean motion of particle is stable [S1].
The long-time behaviors of L,,, I, and I, in stable condition can be obtained with N — o,
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; (S9a)
I;‘;(a,q,r):[ : jr o) F(a,q,u)F(a,g,-u) (a’q’f)f(a’q’_r)du
e —1 )Jo [F(2,9,0)F'(a,q,0)] (S9b)
< (agqr)=( Lt [ e F(a'q'_u)F(a’q'T)Td
|2c (a1q: ) (e(b—izﬂ)” _1)-“0 € {F(a,q,O)F'(a,q,O) U’ (89C)

SI 2. Mathieu Exponents for Various b and q
In the aid of figure S1, we can compute the g-range satisfying the condition of 0<<b/2 for q given b.
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Figure S1. Variation of Mathieu exponent with q for a given b. o and 3 are the real and imaginary
parts of Mathieu exponent p, respectively.
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SI 3. Derivation of Equations (11)
The integration J(b,q,t;) in equation (10) is originally given by

f 1 1 b 1 1
(bat)=] H‘zbz’“’“)C'(‘zbz'q'“)‘5S[‘zbz’q’“]‘:(‘zbz’q’“) (S10)
(1, (1., b (1, 1, ? but)
C( 4b ,QIUJS( 4b lqvt1j+2C[ 4b 1q1ujs( 4b ’q’tlj:| e du

The integration of J(b,q,t;), equation (S10), can be re-written as the summation of three terms:

J (a,q,ti)=Jl(a,q,ti)—sz(a.q,tl)+sz3(a,q,t1)- (S11a)

with
Jl(a,q,tl):J.;[s(a,q,u)c'(a,q,tl)—c(a,q,u) a,q,t,) ] e du . (S11b)

J(aat)=["{{s(aqu)c(agt)-c(aqu)s(agt)]

. (Sllg)
X[S(a,qaU)C(a,q,tl)—C(a,q,U)s(a'q,tl)]}eb(u—tl)du

(u t1

,(a,q.t) j[s (a,q.u)c(aqt)-c(aqu)s(aqt,) ]e
- exact(aqt)

(S11d)

Here a =—b? / 4 . Interestingly, J3(b,q,t;) is equal to I(b,q,t;) in the fluctuation of position. Following

the same procedure for the fluctuation of positions in S1, we can write the time t;as t; = nnt+t (0<t<m,
n is non-zero integer) and then, the each term can be written as follow:

For J(b,q,t)),
1 n n n
J(aa.t)=3,(aq, r)+Z[J12a (a,0,7)+23}, (a,0,7)+ I (a,0,7) |, (S12a)

with
Ju(aa,7)= J‘Or[s(a, q,u)c'(a,q,7)-c(a,q,u)s'(a,q, r)]z e “du, (S12b)

(1_e—(b+i2y)nz) = (a U) F,(a B ) 2
I (aqr)=s [Tt G, 47 Gy, (s12
12a(a q T) e(b+|2,u)7r _1 IO € F(a,q,O)F'(a,q,O) - ( C)
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For JZ(b7q7t1)7

with

For J5(b,q,ty),

with

(1_enb,,)reb(v_r) |:(a,q’u)F’(a,q,_r)F(a,q,r)F’(a,q,—U)du

I (3,0.7) =5, [F(2.0.0)F'(aq.0)]

 a(b-i2pnz ' ?
(") g [Flaaw) Faan],
e(b+|2y)7r -1 0 F (a, q,O) Fl(a, q,O)

I (a,0,7)=

‘Jz(a!q’ti) 21 a Q, T I:‘]ZZa a,Q,7 +‘J22b (a Q, z’) NI (a,q,r)],

Ja(aa,7)=[ {[s(aqu)c(aar)-c(agu)s(aar)]
x[s(a,q,u)c(a,q,7)-c (a,q,u)s(a,q,r)]}eb(“‘f)du,

1 o iz Jreb(v_r) [F(aa, u)]2 F(aq,-7)F'(a,q,-7) i
0

I (20,7)=| —grr
22a( q Z') { e(b+|2y)ﬂ -1 F(a,q,O)F’(a,q,O)

" l_e—nbrr
‘]zzb(aqu):[ e 1 j
xJ'”eb(“”) F(a.qu)F(a,q.-u)[F'(aq.7)F(aq-7)+F(aqr)F (aq-7)]

[F(a.0.0)F (a.q.0)] "

" 1z o TF(a,q,-u)] F(a,q.7)F'(aq,
Jm(a,q,r){f—jjoeb( 5[F(aq-u)] F(agr7)F( Qz')du

ebizar _q [F(a,q,O)F'(aIQvO)]Z

1 n n n
J(a,qt)= \131(a,q,r)+Z[J32a (a,0,7)-233,(a,0,7)+ I3 (a,q,r)] ,

\]31(a,q,r)='[Or[s(a,q,u)c(a,q,r)—c(a,q,u)s(a,q,r)]2 e dy

S7
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(S13c)

. (S13d)

(S13e)
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3. (2,0,7) 1-e (e F(a,qu)F(aq) 2du (Sl4c)
) ’T = T b2 a4 ’
32a &0 e(b+|2,u)7r _1 Jdo F(a,q,O)F'(a,q,O)

n )= 1-e™ )7 wun F(a0u)F(a,9,-u)F(aqr)F(aq-7) u’ (S14d)
i (207) [eb,,_ljjoe‘ | [F(a.0.0)F'(2.0,0)] d

N (a ) 1— ef(bfiZ,u)nﬂ J‘”eb(U—T) F (a’ q, —U) F (a, g, T) ’ du (Sl4e)
) ’T = T b-i2a)r 4 .
ac (& elb-izw)r _q |Jo F (a, qa, 0) F’(a, q, 0)

Collecting all the expressions in above, equation (S11a) can be written in the following simple forms

as below:

For J(b,q,t)),

with

; (a,q,tl):Jl(a,q,tl)—sz(a,q,t1)+b7:J3(a,q,t1), (S11a)
3,(bat)= Jll(b,q,r)+%[Jlga(b,q,7)+zJ;2b(b,q,f)ulgc(b,q,r)}, (S15a)
35, (0,0,7) =37, (b,q,7)- {1—[e<b*‘2*‘)’f}”} , (S15b)

32, (b,0,7) = 3%, (b,G,7)- {1—[e-b”]”} , (S15¢)

31 (b,a,z) =3z, (b,q, r)~{1—[e(bi2”)”]n} , (S15d)
3(2.0.5)= [ [5(a.q.0)c'(a.0.7)-c(a.qu)s (g 0) ¢, (S15¢)

2
, B 1 = sun| F(a,q,u)F'(a,q,—7)
J”""(a’q’r)_(m)foe {F(a,q,O)F’(a,q,O) du. (5150

. Ao L e F(aqu)F(aq,-u)F'(aq,7)F'(a,q,-7) U (S159)
J22a(a’q’) (eb”—ljjoe( ) [F(a,q,O)F'(a,q,O)]z d
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and

For J,(b,q,t1),

with

and

For J5(b,q.ty),

with

0

J;a(a,q,,):(;J reb@-f)[F(a,q,-uw(a,q,f)T "

RCEE F(a,0,0)F'(a,q,0)

J (b1q1t1)= ‘]21(b'Qv7)_%|:J;2a (b’QvT)"‘JZan (b1Q:T)_‘];2c (b1q17):| J
J;a(b,q,r)::J;a(b,q,ry{l_[equmﬁ]n},
I (0,0,7) =35, (b,q,r)-{l—[eb”]n} \

JSZC (b1 q’ T) - JZO;C (b’ q’ T). {1_|:e(bi2y)”:|n }a

J,(a,9,7)= Ior[s(a,q,u)c’(a,q,r)—c(a,q,u)s’(a,q,r)]

x[s(a,q,u)c(a,q,7)—c(a,q,u)s(a,q,7) | du |

. e 1 ¢ oo [F(a.aV)] F(ag,-7)F(aq-7) "
Yz (aa )_(e“’”z“)”—ljf" ¢ [F(a,q,0)F'(aq,0)] i

wr) F (2, 0V)F (3,0,~v)[ F'(a,0,7)F (a,9,—7)-F (a,0,7)F'(a,0,-7) |
[F(aa.0)F (aq0)f

- 1 g
Jo (2,0,7) :[eb” _JL e

2 ’
L g [Faa T oo ot -n),

Yz (aas) :(e(““)” —JL [F(a,9,0)F'(a,q,0)]

1 n n n
s (b, qvti) = ‘]31(ba q!T)+Z[‘]3Za (b: a, 2')_2‘]32b (b: g, T)_ Jane (b,q, T)] '

S9

dv

(S15h)

(S16a)

(S16b)

(S16¢)

(S16d)

(S16€)

(S16f)

(S169)

(S16h)

(S17a)



and

nga (b’ q’ T) = J?Eza (a’ q’ T) .{1_|:e_(b+i2ﬂ)” :|n} ’

25, (0.07) = g (aqr)-f1-[e T},

Jf:ZC (b’ q’ T) = ‘];;C (a’ q’ T) ) {1_|:e_(b_i2#)”:|n} ’

Ju(a,a,7) :_[(:[s(a,q,u)c(a,q,f)—c(a,q,u)s(a,q,r)]2 e du,

2
}du,

du’

J;‘;a(a,q,r){m

J;b(aﬁqif)=(eb”7_

J;‘;C(a,q,r):(e(

1

1

b—i2y)7r _1

jﬁ}wun{iY:QM)F(&qf{)

q,0)F'(a,9,0)

)

1 )J-ﬂ ooy F(a,0,u)F(a,0,-u)F(a,9,7)F (a,q,~7)
1) [F(2.0.0)F (2.4.0)]

J'” eb(u—r)
0
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SI 4. Time Histories of oy, Gy, and o,, for large b =4.0
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Figure S2. Time histories of o4y, Oy, and oy, for b=2.0: (a), (b), (c) for q=3.1; (d), (e), (f) for q =4.0.

Figures S2 show the transient behaviour of o,,, Gy, and c,, for b=4.0 and q = 3.1 (a, b, ¢) and for
b=4.0 and q = 4.0 (d, e, f). If q further increases (q > 4), the position fluctuation o, is diverging along
with o, and oy, and the fourth frequency mode starts to contribute in addition to the first three
modes, which dominates for g=3.1. It should be noted that the velocity fluctuations are increased more
than position and covariance fluctuations, which indicates that the divergence of the position
fluctuation originates from the velocity and propagates to the position divergence with the aid of
covariance.
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